Abstract-The convergence of closed quantum systems in the degenerate cases to the desired target state by using the quantum Lyapunov control based on the average value of an imaginary mechanical quantity is studied. On the basis of the existing methods which can only ensure the single-control Hamiltonian systems converge toward a set, we design the control laws to make the multi-control Hamiltonian systems converge to the desired target state. The convergence of the control system is proved, and the convergence to the desired target state is analyzed. How to make these conditions of convergence to the target state to be satisfied is proved or analyzed. Finally, numerical simulations for a three level system in the degenrate case transfering form an initial eigenstate to a target superposition state are studied to verify the effectiveness of the proposed control method.
I. INTRODUCTION
In the last 30 years, the control theory of quantum systems has developed rapidly, and it was widely used in many areas. One proposed technique is the Lyapunov control [1] - [8] . There are mainly three Lyapunov functions to be selected: the Lyapunov function based on the state distance, the state error and the average value of an imaginary mechanical quantity. The so-called "imaginary mechanical quantity" means that it is a linear Hermitian operator to be designed and maybe not a physically meaningful observable such as coordinate and energy. In recent years, research results on the convergence of the control system by using the Lyapunov control method based on the average value of an imaginary mechanical quantity are as follows: The control system is asymptotically stable at the target state, if i) The internal Hamiltonian is strongly regular, i.e., the transition energies between two different levels are clearly identified; ii) The control Hamiltonians are full connected, i.e., any two levels are directly coupled [1] , [4] - [8] . However, many practical systems do not satisfy these conditions which are called in the degenerate cases. For these cases, Zhao et al. utilized an implicit Lyapunov control to solve the problem of convergence for the single control Hamiltonian systems governed by the Schrödinger equation [8] . However, their proposed methods only proved that the single control Hamiltonian systems will converge toward a set, but can not ensure be asymptotically stable at the desired target state.
The aim of this paper is to make the multi-control Hamiltonian systems in the degenerate cases converge to an arbitrary target state from an arbitrary initial state. Our main contributions are as follows: i) The problem of convergence to any target eigenstate for the Schrödinger equation or any target state which commutes with the internal Hamiltonian for the quantum Liouville equation is solved by adding a restriction on the Lyapunov function and designing the implicit function perturbations.
ii) The problem of convergence to the target superposition state and the target state which does not commute with the internal Hamiltonian is solved in most cases by introducing a series of constant disturbances into the control laws. iii) How to make the conditions of convergence to the target state to be satisfied are analyzed or proved.
II. BILINEAR SCHRÖDINGER EQUATION CASE
Consider the N-level closed quantum system governed by the following bilinear Schrödinger equation: 
where ( )
are the total control laws.
Our control task is to make the control system governed by (2) 
where † 1 ; ii) j l ∀ ≠ , for , there exists at least one k such that
According to the analysis mentioned above, let us design the specific
Since the evolution of the system's state relies on the continuous decrease of the Lyapunov function ( ) V t in the Lyapunov control, we design
be a monotonically increasing functional of ( ) V t as: 
, then for every
, there is a unique
Proof: 
where ( ) ( 
where k K is a constant and Based on LaSalle's invariance principle [9] , the convergence of the control system governed by (2) can be obtained as follows: , there exits at least one k such that ( )
, then any trajectory will converge toward
Proof:
Without loss of generality, assume that for (8) and (9), one obtains have the same eigenstates. We design the eigenvalues of P γ be constant, denoted by 1 2 , , , N P P P , and design P γ as 
Our basic idea is to design k η to make the target state 
III. QUANTUM LIOUVILLE EQUATION CASE
Consider the N-level closed quantum system governed by the following quantum Liouville equation: 
holds . 
Proof:
Without loss of generality, assume that for (19) and (20), one can get
As 0 V = , γ are constants, denoted by γ . The control system in the eigenbasis of
where ( 1) ( 1) ( 1) ( 1) 1,2, 1, , 
The research result is as follows: 
At first, propositions 1 and 2 are proposed, then Theorem 4 are proved according to these two propositions. 
Where ( )
For N,
By (29) and , , , N P P P as follows: For N, if ( ) ( ) In the simulations, the time step size is set as 0.01 a.u., and the control duration is 300 a.u.. The results of numerical simulations are shown in Fig.1 and Fig.2. Fig.1 is the population evolution curves of system, In this paper, the Lyapunov control based on the average value of an imaginary mechanical quantity has been improved. By using the proposed method, the quantum Lyapunov control can complete the state transfer task from an arbitrary pure state to an arbitrary pure state for the Schrödinger equation, and from an arbitrary initial state to an arbitrary target state unitarily equivalent to the initial state for the quantum Liouville equation in most cases.
